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1. Introduction 

Dirac structures were introduced in [CW88] and studied systematically for the 
first time in |Cou90j . The past years have seen remarkable applications of Dirac 
manifolds in geometry and theoretical physics. Dirac structures include two-forms, 
Poisson structures, and foliations. They turn out to provide the right geometric 
framework for nonholonomic systems and circuits. If a Lie group action is compat- 
ible with the Dirac structure on a manifold, one has all ingredients for reduction; 
see |Cou90j . paOO] . [BvdSOl] . [BCO07I. iBCOSl . [JR08] . }Zam08j . (JRZllj . |YM07| . 



YM09], for the regular case, |BR04| . JRS11 for the singular situation, and |JR10] 



for optimal reducti on. All these reduction procedures are in the spirit of Poisson 



reduction ( |MR86j . [Sni03], |F()R09j . (JR09]). 

Consider a Dirac structure D on a manifold M which is invariant under the 
proper action of a Lie group G. The mo st general singular Dirac re duction method 



known today was introduced in [JRS11] and is in the same spirit as [Sni03] . Certain 
mild regularity conditions are required to construct a specific subspace of the set 
of pairs of vector fields with one-forms on the stratified space M := M/G which 
is then shown to naturally induce a Dirac structure on each stratum of M . These 
regularity conditions are automatically satisfied for Poisson manifolds. 

However, in the case of Poisson manifolds, there is an alternative singular reduc- 
tion method presented in [FOR09 . If (M, {•,■}) is a Poisson manifold with a Lie 
group G acting in a proper canonical way on it, then there is an induced Poisson 
structure on each isotropy type manifold Mh (see also | JR09j ) that is invariant 
under the induced action of N(H)/H; here H is an isotropy subgroup of the action 
and N(H) is the normalizer of H in G. Therefore, these Poisson structures descend 
to the quotient Mjj/(N(H)/H) whose connected components are strata in M. 

The first goal of this paper is to extend this reduction method to symmetric 
Dirac manifolds. In a first step, the G-invariant Dirac structure D on M is shown 
to induce a Dirac structure Dq on each connected component Q of an isotropy 
type manifold Mjj • Then, Dq is shown to satisfy the conditions for regular Dirac 
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reduction (as in jJRZllj ). thus descending to a Dirac structure on the stratum 
Q/N(H) of M. The second goal of the paper is to show that the reduced manifolds 
obtained this way correspond exactly to the singularly reduced manifolds described 



previously (those obtained in JRSll] ) . More precisely, the Dirac structures induced 



on on the connected components of M^/G and of Mh/N(H) are forward and 
backward Dirac images of each other under a canonical diffeomorphism between 
the two reduced manifolds. 

Acknowledgments. The authors would like to thank Rui Loja Fernandes for a con- 
versation that led us to consider the subject of the present paper. His advice and 
challenge to compare the two singular reduction methods are greatly appreciated. 
Many thanks go also to the referees for many useful comments that have improved 
the exposition. 

Notation and conventions. The manifold M is always assumed to be paracompact. 
The sheaf of local functions on M is denoted by C°°(M); that is, an element 
/ G C°°(M) is a smooth function / : U — > R, with U an open subset of M. 
Similarly, if E is a vector bundle or a generalized distribution over M, T(E) denotes 
the set of local sections of E. In particular, X(M) and f2 1 (M) are the sets of local 
vector fields and one-forms on M, respectively. The open domain of definition of 
a G T(E) is denoted by Dom(er). 

The Lie group G is always assumed to be connected; g denotes the Lie algebra 
of G. Let $ : (g,m) G G X M M> gm = g ■ m = <& g {m) G M, be a smooth left 

action. If £ G g then £m G X(M), defined by £m(wi) : = li\t=o ex P(*£) ' TO > * s cane d 
the infinitesimal generator or fundamental vector field defined by £. 

A section X of TM (respectively a of T*M) is called G -invariant if $*A = X 
(respectively $*a = a) for all g G G. Recall that $*A := T$ g -i o X o <f> ff , that is, 
($*X)(m) = T gm <£> g -iX(gm) for all m G M . 

We write TM TM* for the direct sum of the vector bundles TM and T*M 
and use the same notation for the sum of a tangent (a distribution in TM) and 
cotangent distribution (a distribution in T*M; see section [27X1 for the definitions of 
those objects). We choose this notation because we want to distinguish these direct 
sums from direct sums of distributions in a same vector bundle, denoted, as usual, 
by ©. 



2. Generalities on Dirac structures and distributions 

2.1. Generalized distributions and orthogonal spaces. Let £ be a vector 
bundle over M. A generalized distribution A in E is a subset A of E such that for 
each m G M, the set A(m) := An E(m) is a vector subspace of E m . The number 
dimA(m) is called the rank of A at m G M. A point m G M is a regular point 
of the generalized distribution A if there exists a neighborhood U of m such that 
the rank of A is constant on U. Otherwise, m is a singular point of the generalized 
distribution. 

A local differentiable section of A is a smooth section a G T(E) defined on some 
open subset U C M such that a(u) G A(u) for each u G U. We denote with 
r(A) the space of local sections of A. A generalized distribution is said to be 
differentiable or smooth if for every point m G M and every vector v G A(m), there 
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is a differentiable section a G T(A) defined on an open neighborhood U of m such 
that o~(m) = v. 

A smooth generalized distribution in the tangent bundle TM (that is, E = 
TM) is called a smooth tangent distribution. A smooth generalized distribution 
in the cotangent bundle T*M (that is, E = T*M) is called a smooth cotangent 
distribution. We will work most of the time with smooth generalized distributions 
in the Pontryagin bundle Pm '■= TM QT*M which we will call smooth generalized 
distributions, for simplicity. 

Generalized smooth distributions and annihilators. Assume that E is a vector bun- 
dle on M that is endowed with a smooth non-degenerate symmetric bilinear map 
(• , -)e- In the special case where E is the Pontryagin bundle Pm = TM © T*M 
of a smooth manifold M, we will always consider the non-degenerate symmetric 
fiberwise bilinear form of signature (dim M, dim M ) given by 

(1) ((« m ; ^m) j (^m j ftm )) • — /^m (^m ) ~t~ ^m. (^m) 

for all u m ,v m S T m M and a m ,^ m 6 T^M. 

If A C E is a smooth distribution in E, its smooth orthogonal distribution is the 
smooth generalized distribution A^ in E defined by 



A ± (m) := { r(m) 



t G r(E') with m G Dom(r) is such that for all 
g G T(A) with m G Dom(cr), 
we have (cr, r) B — on Dom(r) (~1 Dom(er) 



We have A C A^, in general strict. Note that the smooth orthogonal distribution 
of a smooth generalized distribution is smooth by construction. If the distribution 
A is a vector subbundle of E, then its smooth orthogonal distribution is also a 
vector s ubbundle of E. The proof of the following proposition can be found in 



JRS11 



Proposition 1. Let Ai and A2 be smooth subbundles of the vector bundle {E, (• , -)e) 
Since both Ai and A2 have constant rank on M , their smooth orthogonals Aj- and 
A2 are also smooth subbundles of E and equal to the pointwise orthogonals of Ai 
and A2 . The following are equivalent: 

(i) The intersection A^ n A^- is smooth. 

(ii) (A 1 +A 2 ) ± = A^nA 2 L 

(iii) (Af- n A£) x = Ai + A 2 

(iv) Aj~ (~l A^ has constant rank on M. 

A tangent (respectively cotangent) distribution T C TM (respectively C C T*M) 
can be identified with the smooth generalized distribution 1 © {0} (respectively 
{0} © C). The smooth orthogonal distribution of T© {0} in TM ®T*M is easily 
computed to be (T© {0})^ = TM © T° , where 



0"°(m) = < a(m) 



a G O x (M),m G Dom(a) and a(X) = 
on Dom(a) n Bom(X) for all X G T(T) 



C T*M 



for all m G M. This smooth cotangent distribution is called the smooth annihilator 
of T. Analogously, we define the smooth annihilator 6° C TM of a cotangent 
distribution 6. Then C° is a smooth tangent distribution and we have ({0}©C) X = 
C° ©T*M. 
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The tangent distribution V spanned by the fundamental vector fields of the action 
of a Lie group G on a manifold M will be of great importance later on. At every 
point to G M it is defined by 

V(m) - UmM I £ G fl}. 

If the action is not free, the rank of the fibers of V can vary on M. The smooth 
annihilator V° of V is given by 

V°(m) = {a(m) | a G Q^M), m G Dom(a), such that a(f M ) = for all £ G g}. 

We will use also the smooth generalized distribution 5C := V © {0} and its smooth 
orthogonal space X 1 - = TM © V°. 

We will need the smooth codistribution Vg spanned by the G-invariant sections 



of V°. It is shown in jJRSllj that V° G (m) = {df m \ f G C°°{M) G } for all m G M. 



Thus, is spanned by the exact G-invariant sections of V°. 

2.2. Dirac structures. Recall that the Pontryagin bundle P M = TM ©T*M is 
endowed with a natural pairing (• , •} given by |T|). A Dirac structure (see [Cpu90 ) 
on M is a Lagrangian subbundle D C TM © T*M. That is, D coincides with its 
orthogonal relative to ([T]) and so its fibers are necessarily dim M -dimensional. 

The space T(Pm) of local sections of the Pontryagin bundle is also endowed with 
a skew-symmetric bracket, the Courant bracket, given by 

[(A, a), (Y, p)} :=([X,Y], £ X P - £ya + (a(Y) - /3(A)) 

(2) = ([X,Y\,£ X P - iYda-~d((X,a),(y,P)) 

for all (A, a), (Y, /3) G r(P M ) (see |Cou90j ). This bracket is R-bilinear (in the sense 
that [ ai (X!, at) + a 2 (X 2 , a 2 ), (Y, /?)] = ai[(Ai, ai), (Y, 0)] + a 2 [(X 2 , a 2 ), {Y, /?)] for 
all ai,a 2 G R and (A x , oti), (X 2 , a 2 ), (Y,/3) G T(TM ®T*M) on the common 
domain of definition of the three sections), skew symmetric, but does not satisfy 
the Jacobi identity. 

The Dirac structure is integrable (or closed) if [r(D),r(D)] C T(D). Since 
((X,a),(Y,P)) = if (X,a),(Y,P) G T(D), integrability of the Dirac structure 
is often expressed in the literature relative to a non-skew symmetric bracket that 
differs from @ by eliminating in the second formula the third term of the second 
component. This truncated expression which satisfies the Jacobi identity if and 
only if the Dirac structure is integrable, but is no longer skew-symmetric, appears 
in the literature sometimes also as Courant, Courant-Dorfman, or Dorfman bracket: 

(3) [(A, a), (Y, p)} := ([X, Y], £ x p - i Y da) . 

If the Dirac structure (M, D) is integrable, then D has the structure of a Lie 
algebroid over M with anchor map the projection Pjvf — > TM and bracket the 
Courant bracket. 

Maps in the Dirac category. Let (M, Dm) and (A, Djv) be smooth Dirac manifolds. 
A smooth map (j) : (M, Dm) —> (A, Dn) is a forward Dirac map if for all (Y, p) G 
r(DAr) there exist X G X(M) such that X - Y and (X,4>*P) G T(D M ). It is a 
backward Dirac map if for all (A, a) G T(Dm) there exist (Y, p) G T(Djv) such that 
and a = (f>*p. 
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If <fi is a diffcomorphism, then it is easy to check that it is a backward Dirac map 
if and only if it is a forward Dirac map. 

Let M and iV be smooth manifolds and <f> : M — > TV a smooth map. Assume 
that N is endowed with a Dirac structure Djv- The pull back 4>*Dn of is the 
subdistribution of Pm defined by 

) G D N (<j>(m)) ) 
such that T m <f)(v m ) = w^ m) > 
and a m = (T m 0)*/3^ (m) J 

for all m G M. 

Each fiber of the subdistribution 4>*Dn is Lagrangian, that is, ((0*DAr)(m))- L = 
((f)*D N )(m) in T m M x T„M for all m G M. This fact is well known; we will prove 
it here for the sake of completeness. The inclusion (<p*DN)(m) C ((cf>* Dat^to)) 1 - is 
easy. For the converse inclusion, choose (u m ,J m ) € ((0*DAr)(m))- L C T m M xT m M. 
Since ker(T m </> : T m M — > T^u^N) x {0 m } C (0*Djv)(?n) by definition, we have 
lm{v m ) = for all v m G kerT m (j>. Thus, j m G (kerT m 0)° = range(T m </>)* and 
there exists 5^ m) G T* {m) N such that -f m = (T m <p)*6^ m y Then, the equality 

0= (Ki7m), ^m, {T m 4>)* P<t,(m))) 

= (7 1 m 0)*(5 ( m )), (u m , (T m 0)*/?0( TO ))} 

= ((r m 0(w m ),(5 ( m )), (T m 0(w m ),/3 0(m) )) 

holds for all pairs (v m , (T m ^)*/3^( m )) G (<£*Djv)(to), that is, for all (T m <j)v m , ^( TO )) G 
Dat(0(to)). This leads to 

G (p N (<f>(m)) n (range(T m 0) x T^ (m) 7V)) 

= Djv(0(m)) + {O 0(m) } x ker(T m 0)*. 

Thus, there exists <^ (m) G T* (m) N such that (T m 0)*^ (m) = (T m ^)*^ (m) = 7m 
and (T m (j)u m ,5' m ) G Djv(0(m)). This shows that (u m ,j m ) G 0*D w )(m)- 

Hence, if <f)* D N is smooth, it is a Dirac structure on M such that is a backward 
Dirac map. The Dirac structure 4>*Djy is then the backward Dirac image of D^v 
under <p. 

Symmetries of Dirac manifolds. Let G be a Lie group and $ : G x M — > M a 
smooth left action. Then G is called a symmetry Lie group of D if for every g G G 
the condition (X, a) G F(D) implies that ($*X, G F(D). In other words, 

$ g : (M, D) — » (M, D) is a forward and backward Dirac map for all g G G. We say 
then that the Lie group G acts canonically or that the action of G on M is Dirac. 

Let g be a Lie algebra and £ G g M> ^Af £ 3C(M) be a smooth left Lie algebra 
action, that is, the map 

eMxo^Wi) gTM 

is smooth and £ G h-> £m G X(M) is a Lie algebra anti-homomorphism. The 
Lie algebra g is said to be a symmetry Lie algebra of D if for every £ G g the 
condition (X, a) G L(D) implies that (£^ M X, £^ M a) G T(D). Of course, if g is the 
Lie algebra of G and £ i-> the Lie algebra anti-homomorphism, then if G is a 
symmetry Lie group of D it follows that g is a symmetry Lie algebra of D. 



(4) (4>*D N )(m) = { (v m ,a m ) G P M (m) 
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Regular reduction of Dirac manifolds. Let (M, D) be a smooth Dirac manifold with 
a proper smooth Dirac action of a Lie group G on it, such that all isotropy subgroups 
of the action are conjugated. Then the space M := M/G of orbits of the action is a 
smooth manifold and the orbit map n : M — > M is a smooth surjective submersion. 
We have the following theorem (see [JRZ11 ). 

Theorem 2. Let G be a connected Lie group acting in a proper way on the mani- 
fold M , such that all isotropy subgroups are conjugated. Assume that D n X 1 - has 
constant rank on M , where %^ is defined as the direct sum TM © V° . Then the 
Dirac structure D on M induces a Dirac structure D on the quotient M = M/G 
given by 
(5) 

fV - n, \ (yi -\ - 1 - \\ r~ rr iCt « rr* 31 e X(M) such that 
D(m) = |(X(m),a(m)) G T^M x Tfn M ^ g r(Q) 

/or oiZ m S M. // (M, D) is integrable, then (M, D) is also integrable. 

The Dirac structure D is then the forward Dirac image 7r(D) o/ D under n. 

3. Proper actions and orbit type manifolds 

3.1. Orbits of a proper action. In this section we consider a left smooth proper 
action 

$ : G x M ->• M 

(g,m) i— > &(g,m) = & g (m) = gm = g ■ m 

of a Lie group G on a manifold M. Let 7T : M — >• M be the natural projection on 
the orbit space. 

For each closed Lie subgroup H of G we define the isotropy type set 

M H = {to e M I G m = ff}, 

where G m = {5 £ G | = to} is the isotropy subgroup of to 6 M. Since 
the action is proper, all isotropy subgroups are compact. The sets Mh, where H 
ranges over the set of closed Lie subgroups of G for which Mh is non-empty, form 
a partition of M and therefore they are the equivalence classes of an equivalence 
relation in M. Define the normalizer of H in G 

N(H) = {g e G I gHg- 1 = H} 

which is a closed Lie subgroup of G. Since H is a normal subgroup of N(H), the 
quotient N(H)/H is a Lie group. If to e Mh, we have G m = and G gm = gHg -1 , 
for all <? G G. Therefore, G Mh if and only if g 6 N(H). The action of G on 
M restricts to an action of N(H) on M# which induces a free and proper action 
of N(H)/H on M H - 

Define the orbit type set 

(7) M(h) = { m S M I G m is conjugate to i?}. 

Then 

M {H) ={gm\geG,me M H } = k- x {-k(M h )). 
Connected components of Mh and M( H ) are embedded submanifolds of M; there- 
fore Mh is called an isotropy type manifold and M^ H ) an orbit type manifold. 
Moreover, 

TT (M (H) ) = {gm I to G M h }/G = M H /N(H) - M H /{N{H)/H). 
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Since the action of N(H) /H on Mh is free and proper, it follows that Mh / (N(H) / H) 
is a quotient manifold of Mh- Hence, ir(Mrm) is a manifold contained in the orbit 
space M = M/G. 

For a connected component Q of Mh, we denote by Nq the subgroup of N(H) 
leaving Q invariant, i.e., 

(8) N Q := {g E G \ g ■ q e Q for all q E Q}. 

Thus Nq is a union of connected components of N(H) and is equal to N(H) if 
N(H) is connected. 

Partitions of the orbit space M — M/G by connected components of tt (M(m) 
is a decomposition of the differential space M. The corresponding stratification of 
M is called the orbit type stratification of the orbit space (see [DKOOj . |Pfl01j ). It 
is a minimal stratification in the partial order discussed above (see |Bie75j ) . This 
implies that the strata tt (M(m) of the orbit type stratification are accessible sets 
of the family of all vector fields on M (see LS08 ) . 

The smooth distribution "Iq Q TM spanned by the G-invariant vector fields, 
i.e., 
(9) 

7 G (m) := {X(m) \ X E X(M) G , such thatm E Dom(X)} for all m E M, 

is shown in [OR041 to be completely integrable in the sense of Stefan and Sussmann. 
Its leaves are the connected components of the isotropy types. 

The smooth distribution T C TM is defined as the span of the descending vector 
fields, that is, the vector fields X E X(M) satisfying [X, T(V)] C T(V). A descending 
vector field X can be written as a sum X = X G + X v , with X G E X(M) G and 
X v E T(V). Therefore, 

(10) 7:=T G + V, 

T is completely integrable in the sense of Stefan and Sussmann, and its integral 
leaves are the connect ed components of the orbit types. For the proofs of these 
statements see 



JRSll] and pR04 . 



A local section (X,a) of TM © V° = X 1 - satisfying [X,T(V)] C T(V) and a E 
T(V°) G is called a descending section of Pm- 

3.2. Tube theorem and G-invariant average. If the action of the Lie group G 
on M is proper, we can find for each point m E M a G-invariant neighborhood of 
m such that the action can be described easily on this neighborhood. The proof of 
the following theorem can be found, for example, in [OR04] . 

Theorem 3 (Tube Theorem). Let M be a manifold and G a Lie group acting 
properly on M. For a given point m E M denote H := G m . Then there ex- 
ists a G-invariant open neighborhood U of the orbit G ■ m, called tube at m, 
and a G-equivariant diffeomorphism G Xjj B ^> U. The set B is an open H- 
invariant neighborhood of in an H -representation space H-equivariantly isomor- 
phic to T m M/T rn (G ■ m). The H -representation on T m M/T m (G ■ m) is given by 
h ■ (v + T m (G ■ m)) := T m <f> h (v) + T m (G ■ m), h E H, v E T m M. The smooth 
manifold G Xjj B is the quotient of the smooth free and proper (twisted) action ^ 
of H onG x B given by *(/i, (g, b)) := (.g/i~\ h ■ b), g E G, h E H , b E B. The 
G-action on G Xh B is given by k ■ [g,b] := [kg,b]H, where k,g E G, b E B , and 
[g, b]n £ G Xh B is the equivalence class (i.e., H-orbit) of (g,b). 
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G '-invariant average. Let to G M and H := G m . If the action of G on M is proper, 
the isotropy subgroup H of to is a compact Lie subgroup of G. Hence, there 
exists a Haar measure X H on H, that is, a G-invariant measure on 7J satisfying 
J H d\ H = 1 (see, for example, jDKOO] ). Left G-invariance of X H is equivalent 
to right G-invariance of X H and R* h dX H = e?A H = L* h dX H for all ft G i?, where 
Lh ■ H — > H (respectively Rh ■ H — > H) denotes left (respectively right) translation 
by h on H. 

Let X G X(M) be defined on the tube U at to G A/ for the proper action 
of the Lie group G on M. As in the Tube Theorem, we write the points of U 
as equivalence classes [g,b]n with g £ G and b G B. Recall that for all h G H 
we have [g,b}n — [<?ft _1 , h ■ b]n- Furthermore, the action of G on U is given by 
$ g <{[g,b] H ) = W9,b}H, for s'GG. Define X G G£(Gx ff B) by 



{{9 Ah) 



T [&Mh % (j (T {hMB * h -xX{\h,b] H )) dX H ^j 



for each point to' = [g, b]n G [/. This definition doesn't depend on the choice of 
the represent ative \g ,b]u for the point to'. The vector field Xq is an element of 
3L(M) G (see JRS11 ) and is called the G-invariant average of the vector field X. 
Note that Xq is, in general, not equal to X (at any point); it can even vanish. 
Similarly, if a G il 1 (M), define the G-invariant average ac G &}(M) G of a by 

(11) a G (\g,b} H ) ■= (V* (/ ff ^A H jj ([0,6]*) 

^adA*) oT [g , b]H $ g -i 

H / [e,b] H 

(12) = (J (a([h,b] H ) oT [eMH $ h )dX H ^j oT MH $ r . 

for each point to' = [p, b]n G J7. 

If (X, a) is a section of a G-invariant generalized distribution D, the section 
{Xq, etc) is a G-invariant section of I>. 

If / is a smooth function defined in the tube U of the action of G at to G M, 
define its G-invariant average fa by 

f G ([g,b] H ) := f f([h,b] H )dX H . 
JheH 

Because the action of G on M is proper, there exists a G-invariant Riemannian 
metric g on M (see |DK0 ) . Let Q be a connected component of an isotropy type 
manifold Mji, H compact subgroup of G. Then Q is an embedded submanifold of 
M. We write TM\ Q = TQ®TQ e with TQ e the subbundle of TM\q orthogonal to 
TQ (seen as a subbundle of TM\q) relative to g. 

Lemma 4. The g-orthogonal projection of v m G T m M onto T m Q is equal to its 
G-invariant average J H T m ^h{v m ) dX H at m G Q. The composition of a m G T^Q 
with pr Tm Q is equal to the average J H (T m $>h)*(ot m )dX H at to G Q. 
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Proof. Recall that Tg is the (completely integrable in the sense of Stefan and Suss- 
mann) tangent distribution on M that is spanned by the G-invariant vector fields 
on M and that Q is a leaf of T G ; see © and the considerations following it. 

The vector v m can be written as an orthogonal sum v m = v m +v m with v m G T m Q 
and vf^ G T m Q Q . Then we find smooth (without loss of generality global) vector 
fields X T G r(T G ) and X s G X(Af) such that X% <= T{TQe) (X T \ Q G r(TQ) by 
the properties of 7g), and with values X T (m) — vj n and X e (m) — v m . Consider 
the G-invariant averages X G and X G of X T and X in a tube centered at m. Then 
X G is G-invariant, X G G r(Tc), and we get X g \q G r(TQ). But since the metric 
p is G-invariant, the orthogonal space TQ e is G-invariant and the average X g \q 
remains a section of TQ e . Hence, it must be the zero section. In the same manner, 
we have X G G X(M) G and thus, X g \q remains tangent to Q. In particular, we get 
at the point m = [e, 0]h- 

Xl(m) = f T m $ h -iX T (m)d\ H — f T m $ h -i(v m )d\ H = / v m d\ H = v m . 

JH JH JH 

The third equality is proved in the following way. Since v m is tangent to Q, there 
exists a curve c : (— e, e) — > Q C Mjy such that c(0) = m and c(0) = w^. We have 
then T m $ h -i (v£j = f t \ t=0 o c) (0) = c(0) = for all he H. This leads 

to / H T m $ h (v m ) d\ H = X^(m) + X e G {m) = + = pr TmQ {v m ). 

Choose now a m G T^M. Then the G-invariant average of a m at m is equal to 

a m = I OL m o T m $ h d\ H = a m o T m $ h d\ H = a m o pr TmQ , 

as follows from the first statement. □ □ 

4. Induced Dirac structures on the isotropy type manifolds 

Let (M, D) be a smooth Dirac manifold with a smooth proper Dirac action of a 
Lie group G on it. Let Q be a connected component of an isotropy type Mh, for a 
compact subgroup H C G. Then Q is an embedded submanifold of M. We denote 
by iQ '■ Q M the inclusion. 

4.1. Dirac structures on connected components of isotropy type submani- 
folds. We show in this subsection that D induces a Dirac structure Dq on Q. Then, 
we will study in the next subsection the induced action of Nq (defined by ©) on 
Q. 

Theorem 5. Define Dq C Pq by 

, 10 , r-\ / \ I /- ~ s o / \ 3 (v„, a„) G D(o) such that 
(13) Dq(9) = {^'^ £ Pq(9) r,^ '= , 9 oJ^J-o, = a q 

for all q G Q, i.e., Dq is the backward Dirac image of D under lq. Then Dq is a 
Dirac structure on Q. If (A/, D) is integrable, then (Q, Dq) is integrable. 

Proof. Since Dq is, by definition, equal to LqD (see ([4]) and the considerations 
following this equation), we have only to check that (IT31 defines a smooth gen- 
eralized distribution in Pq. Choose q G Q and (v q ,a q ) G Dq(^). For simplic- 
ity, we also write q for iQ(q) G M. Then we find (v q ,a q ) G DQ(q) such that 
T q iQV q — v q G TgQ C T q M and (T g iQ)*a g = a q . Since D is a smooth vec- 
tor bundle on M, there exists (X, a) G T(D) with q G Dom(X, a) such that 
(X, a)(q) — (v q ,a q ). Consider the G-invariant average {Xq, olg) of the pair (X, a) 
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in a tube in M centered at q. Since D is invariant under the action of G on M, we 
have {Xq, cxg) G T(D) and since it is G-invariant, Xg\q is tangent to the connected 
component Q of the isotropy type manifold Mh- This shows that Xq G X(M) is 
such that there exists X G X(Q) with X ~ tQ Xq- By definition of Dq, the pair 
(X, iqac) is a section of Dq. Furthermore, we have 

X G (q) = f ($* h X)(q)d\ H = f T q $ h -iX(q)d\ H 
J H J H 

= / T q $ h -l(v q )d\ H = pi T Q (v q ) = V q 
J H 

by Lemma [4] since v q G T q Q. This leads to X(q) = v q . In the same manner, 
oig(q) = a q°WT q Q = a q since a q G (( T qQ) e )° and thus {i* Q a G )(q) = a G (q)oT q L Q = 
a q o T q Lq — a q . Hence, we have found a smooth section (X, l*qOl g ) of Dq whose 
value at q is (v q ,a q ). 

Since lq : (Q, Dq) — > (M, D) is a backward Dirac map, we know using for 
instance Lemma 2.2 in SX08 that Dq is integrable if D is integrable. □ □ 

Remark 1 . In the situation of the previous theorem, one can show with the same 
methods as in the proof of the smoothness of Dq that the intersection 

(14) D n (TQ Q (TQ e )°) 

is smooth. It has hence constant rank on Q by Proposition [1] This intersection is 
then a Dirac structure in TQQ(TQ e )° . The Dirac structure Dq can be seen as the 
pullback of this intersection via the identification of Pq with TQ © (TQ e )° . 

Assume that N is an embedded submanifold of a manifold M endowed with a 
Dirac structure Dm- It was already shown in |Cou90j that if D M n (TN ®T*M\ N ) 
has constant rank, then there is an induced Dirac structure on N defined as in fj 13[) 
and such that the inclusion map N M is a backward Dirac map. The hypothesis 
in |Cou90j ensures that the bundle defined by (IT51) is smooth. In the present 
situation we cannot use this known result of |Cou90j for the proof of Theorem [S] 
On the other hand, averaging techniques prove that the bundle defined by (fl"3|) is 
smooth. We could also have shown first that (fT4"|) is smooth (and has hence constant 
rank) and then that its pullback to Q is a Dirac structure on Q. 

4.2. Induced Dirac structures on the quotients. Let G act on the Dirac man- 
ifold (M, D) properly and canonically. Let Q be a connected component of the 
orbit type manifold Mh, for H a compact subgroup of G. In Theorem [SJ we have 
shown that there is an induced Dirac structure defined by (JT3J) on Q such that 
lq : (Q, Dq) — > (M, D) is a backward Dirac map. We will show here that the action 
of Nq on (Q, Dq) is a proper Dirac action that satisfies the conditions for regular 
reduction. 

From the proof of Theorem [5l we can see that each pair (v q ,a q ) G Dq(<7) corre- 
sponds to a unique pair (v q ,a q ) G D(q) n {T q Q n (T q Q e )°) such that T q iQV q = v q 
and a q = (T q LQ)*a q . The converse is also true by definition of Dq(q). Thus, the 
map 

I q : D Q (q) — > D(q) D {T q Q x (T q Q Q )°) (C T q M x T*M) 

sending each (v q ,a q ) to the corresponding (v q ,a q ) is an isomorphism of vector 
spaces for all q G Q. 
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We will use the maps I q , q G Q, as a technical tool in the proof of the following 
lemma. Recall that T is the smooth tangent distribution defined as the sum of 7g 
and V (see © and (0). 

Lemma 6. Let Nq be the subgroup of N(H) leaving Q invariant (see ©,), denote 
by Vq the vertical distribution of the induced proper action of Nq on Q, and set 
% Q : = Vq {0} C P Q . If D n (70 V G ) is smooth, then the intersection Dq n Xq 
has constant rank on Q. 

Proof. Consider the restriction of the map I q defined above to the set Dq (q) CiXq (q) . 
We show that if a q G (VQ)°(q), then a q G V° G (q). Since the action of Nq on Q is 
proper with fixed isotropy H 7 the vertical space Vq is a smooth vector bundle on 
Q, and we have (V Q )°(q) = (V Q (q))° = (T q (N Q -q))°. But since the action of H on 
Q is trivia l, we have also ((T q (N Q ■ q))°) H = {T q (N Q ■ q))°. Using Theorem 2.5.10 
in |OR04j we find then 

(V Q )°(<Z) - ((T q (N Q ■ q)r f = {df(q) | / G C qc (Q) Nq } . 

If a q G (VQ)°(q), we find hence a smooth TVq -invariant function / G C°°(Q) Nq 
such that df q = a q . Since Q is an embedded submanifold of M, there exists then 
a smooth function / G C°°(M) such that iqf = f. Consider the G-invariant 
average F of / at q. Since / was A^Q-invariant, we still have LqF = f. Therefore, 
dFqoTqiQ = (L* Q dF)(q) = df q and dF G r(V°) G , that is, dF, G V° G (q). Also, since 
dF is G-invariant, we have dF q — dF q opr Tg Q by Lemma|3]and thus dF q G (T q Q e )° . 
The covector dF q is hence the unique element of (T q Q e )° satisfying a q = dF q oT q LQ. 
Thus dF q is equal to the covector a q and we have shown that a q G V%(q). Hence 
we get 

I q \D iq )nx^ q) ■ Dq (q) Pi OCq (q) -+ D(q) n (T q Q x V° G (q)). 

This map is obviously surjective since V° g \q C (TQ e )° because is spanned by 
G-invariant sections. 

Since D D (T@ V G ) is smooth by hypothesis, it follows by G-invariant averaging 
that D n (Tg © V G ) is also smooth (see |JR10j ). 

We use this to show that Dq n OCq is smooth. Choose q G Q and (v q ,a q ) G 
D Q (q)nX%(q). Then I q {v q ,a q ) G D(q)n{T q Q eV° G (q)). Since Dn(TQ @ V° G \ Q ) = 
D n (T G V G )| Q , we find a smooth section (X, a) G T(D n (T G 9 V G )) defined on 
a neighborhood t/ of q in M such that (X,a)(q) — I q (v q ,a q ). Since (X, a) is a 
section of D restricting to a section of D n (TQ V° G \ Q ) C D n (TQ 9 (TQ e )°) on 
<5, we get by the proof of Theorem [5] the existence of a smooth section (X, 5) of 
Dq such that X ~ tQ X and a = tga. But for all G Q PI J7, we get from the 
considerations above that (A > ,a)(g / ) = i^ 1 ((X,a)(g')) € D Q (g') n5C^(g')- Thus, 
(X, a) is a smooth section of Dq n 3Cq, taking the value (X, a)(q) = (v q , a q ) at q. 

Since Dq R 3Cq is smooth and Dq and 3Cq are the smooth orthogonal bundles of 
the vector subbundles Dq and %q of (Pq, (• , -)p Q ), respectively, we can conclude 
using Proposition [T] that Dq n %q has constant rank on Q. □ □ 

Lemma 7. Let [M, D) be a smooth Dirac manifold with a proper smooth Dirac 
action of a Lie group G on it such that the intersection D n (T© V G ) is smooth. 
The Dirac structure Dq defined by D on Q, as in Theorem El is invariant under 
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the induced action of Nq (see^ft) on Q and has the property that Dq n %q has 
constant rank on Q. 

Proof. Recall the construction of Dq. Since D is G-invariant, it is Nq -invariant. 
The connected component Q of the isotropy type manifold Mh is an accessible set 
of the family of the G-invariant vector fields on M. Since g is also G-invariant, 
the spaces TQ and (TQ e ) are TVQ-invariant and so the induced action of Nq on 
(Q, Dq) is canonical. 

The second claim has been shown in Lemma [51 □ □ 

Theorem 8. Let (M, D) be a smooth Dirac manifold with a proper smooth Dirac 
action of a Lie group G on it such that the intersection Dn (T©Vq) is smooth. Let 
Dq be the induced Dirac structure on the connected component Q of the isotropy type 
manifold Mr and qQ : Q — > Q/Nq the projection (a smooth surjective submersion). 
The forward Dirac image <7q(Dq) (as in Theorem^) is a Dirac structure on Q/Nq. 
If D is integrable, then (/q(Dq) is integrable. 

Proof. By Lemma all the hypotheses for regular reduction are satisfied for the 
smooth proper Dirac action of Nq on (Q, Dq) with fixed isotropics. Thus the 
quotient space Q /Nq inherits a smooth Dirac structure defined by the forward Dirac 
image (?q(Dq) of Dq on Q/Nq (see the paragraph about regular Dirac reduction 
at the end of Subsection [2]). □ □ 

4.3. Comparison with the Dirac strata of the reduced space (M, T>). We 

want to compare the Dirac manifolds (Q/Nq,qq(Dq)) obtained above with the 



Dirac manifolds induced by the singular Dirac reduction meth od in JRS11 



We present a short review of the Dirac reduction methods in [JRSllj . Let (M, D) 
be a smooth Dirac manifold acted upon in a smooth proper and Dirac manner by 
a Lie group G such that the intersection D n (T©Vq) is spanned by its descending 
sections (recall that 7 is defined by (jTDJ) ) . Let 7r : M — > M/G be the projection. 

Consider the subset D G of T(D) defined by 

D G := {{X,a) G r(D) | a G r(V°) G and [X,T(V)] C L(V)}, 

that is, the set of the descending sections of D. 

Each vector field X satisfying [X, L(V)] C L(V) pushes-forward to a "vector 
field" X on M. (Since we will not need these objects in the rest of the paper, we 
will not give more details about what we call t he "vec tor fields" and "one-forms" 



on the stratified space M = M/G and refer to [JRSllj for more information.) For 
each stratum P of M, the restriction of X to points of P is a vector field Xp on P. 
On the other hand, if (X, a) G 2) G , then we have a € r(V°) G which pushes-forward 
to the one-form a := n^a such that, for every Y € X(M) and every vector field 
Y G X(M) satisfying Y ^ Y, we have 

n*(a(Y))=a(Y). 

Moreover, for each stratum P of M, the restriction of a to points of P defines a 
one-form ap on P. Let 

V = {(X,a) | (X, a) G D G } 
and for each stratum P of M, set 

Vp = {(X P ,ap) | (X,a)G% 
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Define the smooth distribution Dp on P by 

(15) D P (p) = {{X P {p),ap{p)) G T P P x T* p P \ (X P ,ap) G V P } 

for all p G P. Note that r(Dp) = Dp. We have the following theorem (see jJRZll] 
for the regular case). 

Theorem 9. Let [M, D) be a Dirac manifold with a proper Dirac action of a 
connected Lie group G on it. Let P be a stratum of the quotient space M. If 
D n (T © Vq) is spanned by its descending sections, then Dp defined in (I15|) is a 
Dirac structure on P. If (M, D) is integrable, then (P, Dp) is integrable. 

Note that if D n (TQVq) is spanned by its descending sections, it is smooth and 
all the hypotheses of Theorem [5] are satisfied. We can thus compare the reduction 
methods in Theorems O and [S] 

We have the following theorem, comparing the Dirac manifolds (Q/Nq, ?q(Dq)) 
and (P, Dp) if Q is a connected component of Mjj, H a compact subgroup of G, 
and P is the connected component of Mrm containing Q. 

Theorem 10. Let [M, D) be a smooth Dirac manifold with a proper smooth Dirac 
action of a Lie group G on it, such that the intersection D n (T© Vq) is spanned 
by its descending sections. 

Let Q be a connected component of Mh, H a compact subgroup of G, and P 
the connected component of M^h) containing Q. Consider the Dirac manifolds 
(Q/Nq, <?q(Dq)) as in Theorem [3| and (P, Dp) as in Theorem^ and define the 
map $ : Q/Nq — > P by (<E> o = 7r(g) for all q G Q C P . Then the map $ is a 

diffeomorphism preserving the Dirac structure, i.e, it is a forward and, equivalently, 
a backward Dirac map. 

Proof. We have the following commutative diagram: 




Q/Nq 



where Lq,p, lp, ip are inclusions. We show that $ is bijective. Let <7q(toi), ^(7712) G 
Q/Nq be such that 7t(toi) = &(qQ(mi)) — $(qq(to2)) = ir(m2)- Then there ex- 
ists g G G such that gm\ — m^. Since mi, TO2 G Q, we have gHg^ 1 = H and 
thus g G N(H). However, g maps Q onto a connected component of Mjj con- 
taining 7712 G Q, so it follows that g G Nq. We have then gg(mi) = <Zq(to2) 
thereby showing that $ is injective. Choose now n(m) G P with m G P. Since 
P C G ■ Q, there exists j e G and m' G Q C P such that jm' = m. We get 
($ o qo){m') = 7r(m') = 7r(m) and hence $ is surjective. 

To show that $ is a diffeomorphism, choose a smooth function / G C°°(P). 
Then the Gp-invariant function (vr|p)*/ = / satisfies / G C°°(P), where Gp is 
the Lie subgroup of G that leaves P invariant. Since Q is a smooth submanifold 
of P, the function L* Q P f is an element of C°°(Q). But since / G G°°(P) Gp , we 
have t^p/ G C°°{Q) N » and there exists / G C°°(Q/Nq) such that = i Q P f. 
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We have then q Q ($*f) = ($ o q Q )* f = (vr| P o Lq,p)* f = i* QP f = q* Q f and thus 
$*/ = / G C°°{Q/N Q ) which shows that $ is smooth. 

Choose now a smooth function / £ C°°(Q/Nq). Then the pull back /q = 9q/ is 
a iVg-invariant element of C°°(Q) and we find, by the same method as in the proof 
of LemmaO a smooth G-invariant function / G C°°(M) G such that ig/ = /q. We 
have then f P := t p/ G G°°(P) G - and i£ P / P = L* Q>P {t P f) = i* Q f = f Q . There 
exists / G G°°(P) such that (n\ P )*f = f P and we get g Q ($*/) = ($°<7q)*/ = Mp° 
KJ.p)*/ = <<*Q,pfF = fQ = 9* Q f, that is, $*/ = / and thus = / G G°°(P). 

Therefore <I> — 1 is smooth. 

We show now that Dp is the <I>-forward Dirac image of <7q(Dq). The fact that 
<7q(Dq) is the ^-backward Dirac image of Dp follows because <!> is a diffcomorphism. 
Consider the forward Dirac image <&(<7q(Dq)) of gg(Dg) under $, defined on P 

by 

3{vq,aq) G g(Dg)(g) such that 
Tq$Vq = Vp and a, = (Tq<f>)*a p 

for all p G P and g = Since $ is a diffeomorphism and (?q(Dq) is a Dirac 

structure on Q/Nq, the forward Dirac image $(<7q(Dq)) is a Dirac structure on P. 
Hence, it is sufficient to show the inclusion Dp C $(<7q(Dq)). 

Choose (X, a) G L(Dp). Then there exists a pair (X^pC^/) G T> such that 
Xm\p = X and a^\ P = a. Thus we find (X, a) G T) G satisfying X ~ n X^ { and 
7r * a M = a - The one-form a is a G-invariant section of V° and since [X, T(V)] C 
r(V), the vector fi eld X ca n be written as a sum X = X G + V with X G G £(M) G 



*(9q(Dq))(p) = Uup,a p )GPp(p) 



and V G r(V) (see [JRSllj ). Let (Xq, etc) be the G-invariant average of (X, a) in a 
tube J7 centered at a point m G P. We have then qq = a and Xg = X G + Vg, that 
is, we still have X G ^tt X^. Since {Xq, a) is a G-invariant section of Dn(TG©Vg), 
we have (X G ,a)\ Q G T (D n (TQ@(TQ e )°)) and, by definition of D Q , we find 
(Xq,Q!q) G T(Dq) such that Xq ~ tQ X g and «q = t Q a. The pair (X Q ,a Q ) is 
then automatically a Xq -invariant section of Dq n Xq (by the proof of Lemma [5]) 
and descends thus to a section (X, a) of (/q(Dq), that is, we have Xq ^ qQ X and 
<7q<5 = oq. Therefore, for all m' G Q we have 

T M((n0 $ (x(g Q (m'))) = r, Q(m0 # [T m >qQ (X Q (m'))) 
= r m /(7r|p o t Qi p) (X Q (m')) 

= r m /(7T o tg) (Xg(m')) = Pm'TT (X G (W)) 

= Jf^(7r(m'))=X(7r(m')), 

that is, X X. In the same manner, we show the equality q^a = gg($*a) which 
implies that a = <E>*a since qQ : Q — > Q/Nq is a surjective submersion. Thus, 
(X, a) is a section of $(gg(Dg)). □ □ 
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